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Abstract. Let M be a G-manifold and ui a G-invariant exact m-form on M. 
We indicate when these data allow us to constract a cocycle on a group G with 
values in the trivial G-module R and when this cocycle is nontrivial. 



1. Introduction 

Let M be a manifold, let G be a group of diffeomorphisms of M, and let u> be a 
G-invariant exact m-form on M. In this paper we apply the construction of |S] to 
get from these data a cocycle on the group G with values in the trivial G-module 
R. We prove that this cocycle may be chosen differentiable (continuous) whenever 
G is a subgroup of a Lie group (a topological group). Moreover, we prove that for 
a manifold R™ x M with an exact form lj which is either of type luq + lum or of 
type ujq A lum, where ujq is a nonzero form on K.™ with constant coefficients and 
u>m is a form on M, and the group Diff (R 11 x M, ui) of diffeomorphisms of R n x M 
preserving the form ui the corresponding cocycle is nontrivial. 

2. A CONSTRUCTION OF COHOMOLOGY CLASSES FOR A GROUP OF 

DIFFEOMORPHISMS 

Let G be a group and let A be a right G-module. Let C P (G,A) be the set 
of maps from G p to A for p > and let C°(G,A) = A. Define the differential 
D : CP(G,A) -> C P+1 (G 1 A) as follows, for / e C P (G 1 A) and gi , . . .,g p+1 e G: 

(1) (Df)(gi, ■ ■ -,9p+i) = f{g 2 , ■ ■ -,9 P +i) 
p 

+ ■ ■ ->ffi5i+i) ■ ■ -,9 P +i) + (-l) P+1 /(3i, ■ ■ ■,9p)9p+i- 

i=l 

Then G*(G, A) = (G P (G, A), D) p > is the standard complex of nonhomogeneous 
cochains of the group G with values in the right G-module A and its cohomology 
H*(G, A) = (H P (G, A) p >o) is the cohomology of the group G with values in A. 
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Let M be a smooth n-dimensional G-manifold, where G is a group of diffco- 
morphisms of M. Denote by fi(M) = (Ct p (M)) p =i n the de Rham complex of 
differential forms on M and consider the natural (right) action of the group G on 
fl(M) by pull backs. Denote by f2(M) G the subcomplex of fl(M) consisting of 
G-invariant forms. Next we denote by H q (M) the g-dimensional real homology of 
M and by H q {M) the g-dimensional real cohomology of M. 

Let C*(G,n(M)) = {C p (G,ni(M)),6')} p , q > be the standard complex of non- 
homogeneous cochains of G with values in the G-module ft(M). We define the 
second differential 8" : C*(G,fi«(M)) -» C P (G, fl q+1 (M)) by 

(<5"c)(.9i, ■ • • ,5p) = (-l) p dc(£fi, ...,g p ), 

where / € G P (G, f2 9 (M)), gi, . . . , g p £ G, and where d is exterior derivative. Since 
5' 5" + 8" 8' = 0, we have on C*(G, fi(Af)) the structure of double complex. Denote 
by G**(G,fi(M)) the cochain complex C*(G,Q(M)) with respect to the total dif- 
ferential 6 = 5' + 8" . We denote by H(G, M, Q(M )) the cohomology of the complex 
C**(G,n(M)). 

It is easily checked that the inclusion fl(M) G C G°(G, f2(M)) induces an injective 
homomorphism of complexes J7(M) G — > G**(G, f2(M)) and thus also a homomor- 
phism H(n(M) G ) -> H(G,M,Q(M)) of cohomologies. We identify w G Q(Ai") G 
with its image by the inclusion f2(M) G C G**(G,Q(M)) and denote by the 
cohomology class of u> in the complex G**(G, O(M)) whenever the form u> is closed. 

We shall use some standard facts on spectral sequences (see, for example, pQ). 
Consider the first filtration 

F hp (G, M, O(M)) := (S q > P C q (G, Cl(M)) 

of the double complex C*(G,Cl(M)). By definition, F ljP (G,M,Sl(M)) is a sub- 
complex of the complex C**(G,Q(M)) and Fi, (G, M, tl(M)) = G**(G,Q(M)). 
Denote by £a >r = (i?f d pq r ) Piq > for r = 0, 1, . . . , oo the corresponding spectral se- 
quence. Denote by h p the homomorphism of cohomologies H{F ljP {G, M, Sl(M)) — > 
#(G,M,fi(M)) induced by the inclusion F hp (G,M,Q(M)) C G*'*(G, Q(Af)). Then 
(Im/i p )p>o is a filtration of the cohomology H(G, M, f2(M)) and 

= h p (H p+q (F llP (G, M, Sl(M))))/V + i(JJ p+ '(fi !P+ i(G, A/, n(M)))). 

For this spectral sequence we have -Ef'f = H p (G,H q (M)), where an action of the 
group G on H q (M) is induced by its action on Q(Af). Moreover, there is a natural 
homomorphism H P (G, H°(M)) = E p '° -► £%>°. 

Proposition 2.1. Let w e ^(M) G 6e an exact m-form and let p be the maxi- 
mal integer such that h(oj) £ h p +i(H m (Fi tP +i(G, M, Q(M)))). Then the image 
of h(u>) under the natural homomorphism lm.h p+ \ — > Im h p+ \/ Im h p+ 2 belongs to 
-Ef ^l^+f - 1 ■ In particular, ifm = p+1 and the manifold M is connected, the above 
image of h(u>) is an m-dimensional cohomology class of the group G with values in 
the trivial G-module R. 
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Proof. By assumption the image of h(u) under the homomorphism 

Im h p+ i — > Im hp+i / Im h p+2 

belongs to E p +£ m - p -\ Since d™ : -» ^+ r '^ r+1 vanishes whenever r > q+1, 
we have £^f ,m_p_1 = Sf^ip+'i" 1 - If m = p+ 1 and the manifold M is connected 
we have Eft 1 ' m " P " 1 = S^' = # m (G, ff°(M)) = ff m (G, R). □ 

Theorem 2.2. Lef to be a G-invariant exact m-form on M and let H m ~ p (M) = 
... = H m - l {M) = and H m ~P- 1 (M) ^ for some 1 < p < m - 1. T/ien 
G Imft,p_|_i cmc? defines a unique (p + 1) -dimensional cohomology class 

c(u>) of the group G with values in the natural G -module H m ~ p (M). 

Proof. By assumption there is a form <po,m-i G C°(G, f2 m_1 (M)) such that cj = 
-d¥>o,m-i = -<5'Vo,m-i- Then we have to + 5<po, m -i = ^Vo.m-i- 

Since H m ~ 1 (M) = and 6"6'ip , m -i = -(5'£'Vo,m-i = S'lu = 0, there is a 
cochain y>i lTO _2 G C 1 (G, f2 m_2 (M)) such that <5Vo,m-i = — 5'Vi,m-2- Thus we 
have w + <5(vo,m-i + <Pi,m-2) = S' 

Using the conditions H m ~ 2 (M) = ■ ■ ■ = H m ~ p (M) = and proceeding in the 
same way we get for i = 1, . . . ,p the cochains ^>j )Tn _j_i G G*(G, Q m ~ l ~ 1 (M)) such 
that 

(2) S'tPi-l,m-i + 5"<Pi,m-i-l = 

and so 

W + %0,m-l + • • • + <ft,,m-p-l) = &'<Pp,m-p-l G C P+1 (G, n m ~ p -\M)). 

Moreover, we have 

dS'tpp^n-p-i = —5"5'ip Ptm - p -i = 5"5"ip p -i tm -p = 0. 

Consider H m ~ p ~ 1 (M) as a G-module with respect to the natural action of G on 
H m ~ p ~ 1 (M). Then the cochain £'<^p,m-p-i defines a cocycle on G of degree p + 1 
with values in the G- module H m ~ p ~ 1 (M). We claim that the cohomology class of 
this cocycle depends only on the cohomology class of u in the complex Q(M) G . 

If we replace the form w by a form to + duj\, where ui\ G Q m_1 (M) D fi(M) G , 
one can replace the sequence ¥?o,m-i> • • • i fp,m-p-i by the sequence ipo,m-i — 
vi,<Pi,m-2, ■•• 7 <Pp,m-p-i an( i obtain the same cochain tp Pim _ p _i at the end. 

Consider another sequence <po,m—i> ■ ■ ■ > <Pp,m—p—i {i — 0, . . . ,p) such that lu = 
-#o,m-i and 6'<pi-i im -i + <5"<£i,m-i-i = for i = 1, . . . ,p. Since H m ^ 1 (M) = 
we have 

&0,m-l = <P0,m-l + 5"lpo, m -2, 

where Vo,m-2 G G°(G, O ro " 2 (M)). If p = 1 we have <5Vo,m-i = 5'<po, m -i - 
8" S'ipQ.ra-2 and we are done. If p > 1 we have 

<5'<£0,m-l = 8'ip , m -l - 5"5'l/) ,m-2 = S"(iPl,m-2 + S'lp ,m-2) = -8"<Pl,m-2- 
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Since H rn - 2 (M) = there is a cochain ipi >m -3 € C l (G, O m_3 (M)) such that 
<Pi,m-2 = Vi,p-2 + S'ip ,m-2 + £'Vi,m-3- For i = 2, . . . ,p - 1 proceeding in the 
same way we get the cochains Vj,m-i-2 G G*(G, O m_i_2 (M)) such that 

<Pi,m-i-l — <Pi,m-i-l + ^ ^i-l,m-i-l + ^ fi,m-i-2' 

In particular, we have 

(Pp,rn—p—l — (Pp,rn— p— 1 ^ ^p— l,m— p— 1 ^ ^p,m—p—2 

and 8 1 (pp^m-p-i = <J'</>j>,m-p-i — S"ip Pjm - p -2- Thus the cochains 5'<^p >m _ p _i and 
5V P ,m-p-i define the same cohomology class of HP +1 (G, H m -P- 1 (M)). ' □ 

Suppose that the conditions of theorem 12.21 are satisfied for an exact m-form 
a; G 0(M ) G . Let a be a singular smooth cycle of M of dimension to — p — 1 
whose homology class a is invariant under the natural action of the group G on 
i/ m _ p _i(M). Put 

(3) c a (ui)(gi,...,g p+ i) = / (5'<p p , m - p -i)(gi, . . . ,g p+ i). 

J a 

By definition, c a {oj) is a (p + l)-cocycle on the group G with values in the trivial 
G-module R which is independent of a choice of the cycle a in the homology class 
a. 

Let p = 0. Evidently, the cocycle c a (w) is nontrivial if and only if it does not 
vanish. From now on we assume p > 0. 

Remark 2.3. Let the assumptions of theorem 12.21 be satisfied for an exact m-form 
uj 6 n(M) G . If either the manifold is connected and m = p + 1, or G is a connected 
topological group, the action of G on the H m - p -i(M) is trivial. If the homology 
class a of the cycle a is not invariant under the action of G, consider the vector 
subspace H a of i? m _ p _i(M) generated by the orbit of a. Then J2J defines a (p+ 1)- 
cocycle on the group G with values in the G-module H a . 

Consider the partial case when M = G is a connected Lie group and the group 
G acts on M by left translations. It is clear that the complex 0(G) G is isomorphic 
to the complex G*(g,M) of standard cochains of the Lie algebra g of the group G 
with values in the trivial g-module M. Consider the second filtration 

^ 2 , P G**(G, G, 0(G)) := ® q > p C*{G, Vt"{G)) 

of the double complex G** (G, 0(G)) and the corresponding spectral sequence Ei, r — 
(E™, d£' 9 ) M >o for r = 0, 1, . . . , oo. It is easily seen that = ff p (G, 0«(G))'. 

Lemma 2.4. XTie inclusion Q(M) G C C**(G, G, 0(G)) induces an isomorphism 
of cohomologies. 

Proof. We prove that for each q > we have 

iP(G, 0«(G)) =0 for p > and #°(G, 0«(G)) = 0?(G) G . 
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First we consider the case when q = 0. We use the standard operator B : 
CP(G,n°{G)) -> CP- 1 {G,n°{G)) defined as follows. For p > 0, put 

(Bc)(g 1 ,...,g p - 1 )(g) = (-l) p c( gi , . . . , g p _ 1: g)(e), 

where c € C P (G, f2°(G)), g, g\, . . . , <? p -i € G, and e is the identity element of G. For 
c 6 G°(G, £1°(G)), put Be = 0. It is easy to check that B is a homotopy operator 
between the identity isomorphism of G*(G, f2°(G)) and the map of G*(G, f2°(G)) 
into itself which vanishes on G P (G, Q°(G)) for p > and takes c e G°(G, ft )) to 
c(e). This proves our statement for p = 0. 

To prove our statement for p > we note that ft 9 (G) = ft«(G) G ® ft°(G), 
where ft p (G) G is the space of left invariant g-forms on G. Since G acts trivially 
on ft p (G) G , its action on ft 9 (G) is induced by its action on ft°(G). Then we have 
HP(G, ft 9 (G)) = for p > and i?°(G, ft 9 (G)) = ft?(G) G . 

The above statement implies that = when p > and i^'i = ft 9 (G) G . 
Then i?2,i = ft(G) G and evidently the differential d^\ equals the exterior derivative 
d on ft(G) G up to sign. Therefore we have -Ef'f = when p > and -Ej'f = 
ff 9 (ft(G) G ). Thus implies that E p '^ = £f;f and' therefore the inclusion ft(G)' G C 
G**(G, ft(G)) induces an isomorphism of cohomologies. □ 

Proposition 2.5. Let u> G ft(G) G &e an exact m-form whose cohomology class in 
the complex ft(G) G is nontrivial and let 

<Pi,m-i-i G G J (G, n^'-^G)) (i = 0, . . . ,m - 1) 

be a sequence of cochains such that S(w + <^o,m— l + " ' • + <y 3 m-i.o) = <5V™-i,o- Then, 
for a point x € G, a cocycle S'(p m -ifl(g)(x) of the complex C*(G,M) is nontrivial. 

Proof. By lemma IT^I the cohomology class of u> in the complex G**(G, 17(G)) is 
nontrivial and then by assumption uj defines a nontrivial element of E™^ . Since 

H m (G,R) = E^ = E%£, 
the cocycle 5'<p m -i : o(g)(x) of the complex G*(G,K) is nontrivial. □ 



3. The map / 7 and its properties 

Let G be a finite dimensional Lie group. For X 6 T e (M) denote by X r the 
right invariant vector field on G such that X r (e) = X and by X the fundamental 
vector field on M corresponding to X for the action of G on M. We denote the 
action by <p : G x M — > M and write = ^(g, a;) = f x {g) = f g {x). By definition, 
T(<p x )X r (g) = X(gx) and for each g S G we have </? x o L s = o y> x , where L g is 
left translation on G. 

Let 7 be a singular smooth cycle of dimension q on M. Define a map / 7 : 
ft(M) -> ft(G) as follows. Let w € ft(M). If degw < <j put / 7 (w) = 0. If 
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deg uj = p + q with p > put 

(4) /»(*[, . . .,X r p )(g) = [ Vg (i{X p ) . ..i[X{)J) = [ i(X p ) . ..iiXJcj, 

Jl J 91 

where X\, . . . ,X p e T e {G) and g e G. Clearly w — > / 7 (w) is a linear map from 
51(M) to £1(G) decreasing degrees to g. 

Consider the action of the group G on itself by left translations. 

Lemma 3.1. The map / 7 is G-equivariant. 

Proof. It suffices to consider the case when degw > q. Let uo e fl p+q (M), X e 
T e (G), and g,g e G. It is easy to check that 

(5) T(L S ) o X r - (ad.g(X)) r o L g : G —> TG, 

(6) T(<p § ) o X = ad^(X) o ip s : M -» TM 
From this we get 

L|/»)(X[, . . . = / i(T<p- g .X p ) . ..i{T Vg .X^ 

J 991 

= j <p* g (i(T<p- g X p ) . . . iiTip-g.X^w) = f i{X p ) . . . iiX^w = f 7 (<p' g L>). 
Jg(i) Jgi 

□ 

Lemma 3.2. cLq o / 7 = / 7 o d ; where da is the exterior derivative in Q(G). 

Proof. Let w e Q m (M). If to < g, by definition we have do ° / 7 (^) = / 7 ^(^) = 0. 
Let w e QP+«(M), where p > 0, and Xi, . . . , X p G T e (G). Then we have 



(?) (rf G / 7 (o;))(x[, . . . ,x;)( 9 ) = £(-ir ^[(^(^(xr, . . . ,XT, . . . ,X r p ) 

i=l 



= J^-l)*" 1 ^) / ff * (i(X p ) ...i(Xi)... iiXJw) 
»=i Ji \ / 

+E(- 1 ) i+J / -9* fe) •© ■ . . w^^v) 

= EC- 1 ) 4 " 1 / -9* (l* (z(X p ) . . . S) . . . HXJu) 

i=l J T V ' 
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where Lx denote the Lie derivative with respect to a vector field X and, as usual, 

i(X) means that the term i(X) is omitted. 

Using the formula [Lx, i{Y)] = i([X, Y]) it is easy to check by induction over p 
that for any manifold M and vector fields X\ . . . . , X p on M the following formula 
is true. 

p 

^(-l)*- 1 L Xi i(X p ) . . . i{Xi) . . . l (X 1 ) 

i=l 

+ Y / (-iy + H(x p ) . ..i(jq)...i(x7) . ..nxxXix^Xj] 

i<3 

= i(x q ) . . . i(x t )d + {-iy- l di{x q ) . . . 

Applying this formula in (7J we get 

(d G / 7 M)(X[, . . . , X r p )(g) = [ g*i(X p ) . . . i{X x )du = ^{dw){X{, . . . , X r p )(g). 

□ 

Consider the double complex (G*(G, f2(G)), S' G , 5 G ) for the action of the group 
G on G by left translations. Define the map F 1 : (C**(M,Cl(M))(C**(G,Cl(G)) as 
follows: for a cochain c G G P (G, fi«(M)) put F 7 (c) = / 7 o c. 

Lemma 3.3. 5 G o F 7 = F 7 o 5'. 

Proof. Let c e G S (G, £1 P+9 (M) and g,gi,..., g s+1 £ G. By definition we have 

(8) (6' G o F 7 )(c))( 5l , . . . , 5s+ i)(.g) = F 7 (c)(.g 2 , . . .,g s+1 )(g) 

S 

+ ^(-l)* J E y (c)( 5l) . . . , 9i g i+1 , . . .,g s+1 )(g) + (-iy +1 L^ +1 F 7 (c)( 5l , . . . , ffs )( 5 ). 

i=l 

For Xi, . . . , X p G T e {G) and g G G by Q and © we get 

(9) L; s+1 F 7 (c)( 5l ,..., 5s )(X[,...,X|)( 9 ) 
(ffs+is)* (*(ad.g s+ i(X p )) . . . i(adp s+ i(X 1 ))c(3i, . . .g s )j 

= J g* (i{X p ) . ..i{X x )c{g l} . . .,gSj = F 7 (g* p+1 c( gi , . . . ,g s ))(X[, . . .,X;)(g). 

Replacing the last summand in (jHJ) by formula JHJ we get 

(5' G o F 7 )(c)( 5 i, . . .,g s+1 )(g) = (F 7 o S r )(c)(g u . . .,g s+1 )(g). 

□ 

Lemmas 13. 113.21 and (JHJ) imply the following 
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Theorem 3.4. The map F 7 : G*(G,Q(M)) -> C*(G,Q(G)) is a homomorphism 
of double complexes decreasing the second degree to q. 

Suppose that the conditions of theorem 12. 21 for an exact m-form uj are satisfied. 
Let a be a singular smooth cycle of M of dimension m — p— 1 whose homology class 
a is invariant under the natural action of the group G on Consider 
the sequence of cochains (pi, m -i~i (i = 0, . . . ,p) constructed in the proof of theorem 
12.21 By theorem !3.4l qui is a left invariant (p+l)-form on G, i.e., a (p+ l)-cocycle 
of the complex G*(g,R). Moreover, we have 

S' G F a O ipi-Y.m-i + 5'cFa O ^ i)m _j_! =0 (l = 1, . . . ,p). 

Since dc(8' G o F a o ip PtTn _ p _i) = 0, for any g 6 G we have 

Co(w) = / (5Vp,m-p-l = (-Fq ° ° Vp,m-p-l)(e) = (<5' ofaO </? p , m _ p _i)(e). 



Consider the complex (G*(G, R),D) of nonhomogeneous cochains on the group 
G with values in the trivial G-module R. Define a cochain & £ G P (G,R) as follows: 



K9U---,9p)= / Pp.m-p-lXfl'li •••,&>)• 
J a 

By the definitions of the cocycle c a (a;) and the map / 7 and by Q we have 

(10) Co( ~ 31 ' ' ' ' ' 9p,g ^ = ^ a ° ^P.m-P-i(fi) ■ ■ '>9p)(g) - b (9i, ■ ■ -i9p)) 

+ (Db)(gi,...,g p ,g). 

Proposition 3.5. Let the cycle 7 be G-invariant. Then the cocycle c a (uj) is trivial. 

Proof. By assumption we have 

(F a o ip p ^ m _ p _{){g u . . .,g p ){g) = / ip P , m ~p-i(gi, ...,g p ) = 6(51, ■• -,g P ) 



J ga 

Then by we have c a (uj) = Db. □ 

Denote by H the subgroup of G consisting of all elements g E G preserving the 
cycle 7. Consider the natural action of the group G on the homogeneous space G/H. 
The projection pn ■ G — ► G/H induces a homomorphism pn '■ G*(G, ft(G/H)) — » 
C*(g, ^(G)) of double complexes. 

Proposition 3.6. There is a unique homomorphism of double complexes F ly n : 
C*(G,Cl(M)) -> C*(G,n{G/H)) such that F 1 ^p H o F 7>H . 

Proof. Note that formula (@J implies that the form / 7 (w) is 7i-invariant. More- 
over, by assumption for each X € T e (H) the fundamental vector field X preserves 
the cycle 7. Thus the form i(JT)w vanishes on the cycle 7. This implies that 
/ 7 (w)(Jf[, . . . , X p ) = whenever one of the vectors Xi, ... ,X p £ T e (G) belongs to 
T e (H). Thus the form f 1 (uj) lies in the image of the map p* : n(G/H) -> 17(G). □ 
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We point out the following sufficient condition of nontriviality of the cocycle 
c a {u>). 

Theorem 3.7. Let lo e fl{M) G be an exact m-form such that the conditions of 
theorem \2.S\ are satisfied and let a be a singular smooth (m — p — l)-cycle on M 
whose homology class a is G-invariant. If the cohomology class of the closed left 
invariant form f a ouj in the complex £l(G) G is nontrivial, the cocycle c a (oj) of the 
complex C*(G,R) is nontrivial as well. 

Proof. It is easy to check that the form /„ow satisfies the conditions of proposition 
12. 51 and the cocycle c a (u>) equals the cocycle S' G o f a oip pm _ p _ 1 (e). Thus the cocycle 
c a (u>) is nontrivial. □ 

Let H be a subgroup G preserving the cycle 7. By proposition 13 .61 the condition 
of theorem 13.71 can be satisfied only if dim G/H > m. 

4. Continuous and differentiable cocycles 

Let G be a topological group (or a Lie group which may be infinite-dimensional) , 
E a Frechet space, and p : G — > GL(E) a representation of G in E. A cochain 
/ G C P (G,E) is continuous (differentiable) if it is a continuous (differentiable of 
class C°°) map from G p to E. Let C P (G,E) and C P m (G,E) denote the subspaces 
of continuous and differentiable cochains of the space C P (G,E), respectively. De- 
note by H*(G,E) and H^ iS (G, E) the cohomology of the complex C*(G,E) = 
{C p {G,E),5') p > a and of C*{G,E) = (C% is (G,E),6') p > , respectively. It is known 
(see and 0) that the inclusion C£ iS {G,E) C C*{G,E) induces an isomorphism 
H*(G 7 E) — H2 is (G,E) whenever G is a finite dimensional Lie group. 

Later we apply these notions to fl(M) as a topological vector space with the C°°- 
topology. Evidently both C**{G,Vl{M)) = (C^G, 0«(M))) and C^* S (G, Q(M)) = 
(G£ ff (G, fi«(M))) are subcomplexes of G**(G, O(M)). 

Let the conditions of theorem 12. 21 be satisfied for an exact m-form ui S fi(M) . 
Assume that G is a topological group or a Lie group. We investigate whether 
we can construct a sequence c/?i jrra _i_i for i = 1, . . . ,p as above which consists of 
continuous or differentiable cochains. For such a sequence c a (w) is a continuous or 
differentiable cocycle. 

Theorem 4.1. Let M be a connected manifold with a countable base. Then for 
each p > we have the following decomposition in the category of topological vector 
spaces 

n p (M) = dn p -\M) © h p (m) © n p (M)/z p (M), 

where Z P (M) is the space of closed p-forms. If H P (M) = 0, rffiP-^M) = Z P (M) 
and n p (M)/Z p (M) are Frechet spaces. 

Proof. For compact M the statement follows from the Hodge decomposition for the 
identity operator 1 on fl p (M) 1 = do 5 o G® H P {M) ®SodoG (see, for example, 
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For noncompact M the statement follows from Palamodov's theorem (see [S], 
Proposition 5.4). □ 

Corollary 4.2. Let the conditions of theorem \2.2\ be satisfied for an exact m-form 
u> G il(Al) G and let G be a topological group (a Lie group). Then one can construct a 
sequence ipi. m ~i-i fori = X,...,p consisting of continuous (differentiable) cochains 
and thus for a singular smooth (to — p — 1)- dimensional cycle a whose homology 
class a is G-invariant the corresponding cocycle c a (u>) is continuous (differentiable) . 

Proof. The sequence <^j >m _i_i (i = 1, . . . ,p) is constructed successively by means 
of the equation <5Vi-i,m-i + (— l) l dipi ym -i-i = 0. By theorem 14.11 for each of 
the above cases this equation has a continuous (differentiable) solution (pi jm — %— l — 
L m -i ° S'ipi lj7n -i whenever the cochain (p^^m-i is continuous (differentiable). □ 



5. Conditions of triviality of a differentiable cocycle c a (u) 

In this section we study the conditions of triviality of the cocycle c a (u) in the 
complex Cj iff (G,]R) whenever G is a Lie group and for the exact m-form lu wc 
choose a sequence of cochains tpi, m -i-i (i = L ■ ■ ■ ,p) consisting of differentiable 
cochains. 

Theorem 5.1. Let M be a G-manifold, where G is a Lie group preserving an 
exact m-form ui, let the conditions of theorem \2.2\ be satisfied, and for i = 1, . . . ,p 
let tpi im ~i~i € Cdiff (C) ^ m ~ l (M)). Then, if the cocycle c a (uj) is trivial, there is 
a cochain f S C p iS (G,fl°(G)) such that S' G (f 7 o (p p _ l m _ p ~ dcf) = 0. If the group 
G is connected, this condition implies the triviality of the cocycle c a (w). 

Proof. Let the cocycle c a (w) be trivial. By H10JI there is a cochain / S Cj iff (G,R) 
such that for any g,g\, . . . , g p G G we have 

(11) (-l) p+1 (f a ° fp,m- P -i(gi, ■ ■ ■,9p)(g) - b(gi, . . .,g p j) = Df(g lt . . .,g p ,g). 
Define a cochain / e C?^ (G, fl°(G)) as follows 

f(gi, ■ ■ -,9 P -i)(9) = f(gi, ■ ■ -,g P -i,g)- 

By lemma l3~2l we have 

(12) d G ((-iy + 1 ((/„ o ^, m _ p _!)( 5l , . . . , g p )(g) ~ b( 9l , g p )) 

= (-i) p+1 (f a o d<p p , m -p-i)(gi, ■ ■ -,g P )(g) 

= S' G (f a ° tp p -i tm -p)(gi, . . -,g p )(g). 

On the other hand, it is easy to check that 

(13) Df( 9l , ...,g p ,g) = (S' G f)( 9l , . . .,g P )(g) + (-l) p+1 /(<7i, ...,g P ). 
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By (^21) an d {EH), equation {TTJ implies 

ti'aifa ° <P P -i,m-p)(gi, ■ ■ -,g P )(g) - (dG§' G f)(gi, ■ ■ ■,g P ){g)) 

= °g ((fa ° <p P -i,m-p ~ d G f)) {gt, . . -,g P )(g)) = 0. 

Now suppose that the condition of the theorem is satisfied. We may assume 
that for any g\,...,g p S G we have f(gi, . . . , g P )(e) — 0. The above condition is 
equivalent to the following one 

Sg ((-1) p+ 7o ° <Pp,m-r-i - S' G f) (gi, . . .,g P )(g) = 0. 
Since the group G is connected and f(gi, . . . , g p -i)(e) = we have 

° <Pp,m-p-l - (.91- ■ ' ->9p)(g) 

= ((-!) p+1 /a ° (p P , m - P -i - S' G f) (gi, . . -,g P )(e) 

= (-iy+\b-f)( gi ,...,g p ). 

Using (fTTTfl and iJISjl we get (c a (w) — Df)(gi,...,g p ,g) = 0. This concludes the 
proof. □ 

Corollary 5.2. Let £/ie conditions of theorem \5.1\ be satisfied for m — 2 and p = 1. 

Then, if the 2-cocycle c Q (w) is trivial, there is a smooth function f on G such that 
the 1-form f a o (vo,l) — ^g/ on G is left invariant. In particular, the cohomology 
class of the form f a oui in the complex Vl(G) G is trivial. If the group G is connected, 
the above condition implies the triviality of the cocycle c a (to). 

Example 5.3. Consider the abelian group G = W l acting on itself by translations. 
Evidently an m-form 

oj(x) = uj il ...i m (x)dx il A • • • A dx im) 

il<---<i m 

where x = [x\, . . . ,x n ) G M. n , is G-invariant if and only if the coefficients uJi 1 ...i p 
are constant. Then the differential of the complex f2(R™) G is trivial. 

Evidently the conditions of theorem 12. 21 are satisfied for each nonzero m-form to 
with constant coefficients on R n for p = m — 1 . It is easy to check that the sequence 
of cochains (fij, m -j-i G G^ iff (G, Q m_ - ?_1 (R n )) (j = 0, . . . , m — 1) corresponding to 
u> can be defined as follows. 

ipj, m -j-i(ai, ...,aj)= m _ i) . . . ( m _ jT 'W'wJ'W-i) ■ ■ • H a iM 

where ak = (ifc,i, • • ■ , flfe.n) G (fc = 1, . . . , j) and on the right hand side we 
consider each ak as a constant vector field on 1" and x as identical vector field on 
R™. Then we have 

5' <p m -i,o{ai, • • • j «ro) = — -A(a m )i(a m -i) ■ ■ ■ i(ax)w, 
ml 

where oi, . . . , a m G K n . 



12 



LOSIK, MICHOR 



Take the point £ R n as the cycle a. Then F a : Q{W l ) G -> Q(G) is the identity 
map. By proposition 13 . 71 the cocycle c a (u>) is nontrivial in the complex C*(G,R). 

6. COCYCLES ON GROUPS OF DIFFEOMORPHISMS 

In this section we indicate nontrival cocycles for groups of diffeomorphisms of a 
manifold preserving a family of exact forms. 

Let (wj)ig7 be a family of smooth differential forms on a manifold M. Denote 
by Diff (M, (uJi)) the group of diffeomorphisms of M preserving all forms Wj. We 
consider Diff(M, (wj)) as a topological group with respect to C°°-topology or as a 
infinite-dimensional Lie group if such a structure on Diff (A/, (uji)) exists. By propo- 
sition one can suppose that the cocycle c a (wi) is a continuous or differentiable 
cocycle. 

Let (uji)i£i be a family of nonzero differential forms on R™ with constant coeffi- 
cients. Put G = Diff(R", (ui)). 

Theorem 6.1. Let {iJiji^i be a family of nonzero differential forms on R™ with 
constant coefficients such that deg LOi = di . Then, for each i £ I and for S 1" 
as a zero dimensional cycle a, the cocycle c a (uji) is defined and nontrivial in the 
complex G*(G,R). 

Proof. Evidently the conditions of theorem l2.2l are satisfied for each form u>i and p = 
nii — 1 and then the cocycle c a (u>i) of the complex C*(G,R) is defined. Obviously 
the group G contains the group 1" acting on W 1 by translations. Consider the 
restriction of the cocycle c a (w) to the subgroup R™. By example 15 . 31 this restriction 
is nontrivial. Then the cocycle c a {wi) is nontrivial as well. □ 

Corollary 6.2. Let M be a connected manifold such that 

H l (M,WL) = ■■■ = F m_1 (M,R) = 0, 

let loq be a nonzero m-form on R™ with constant coefficients, and let lom be cm exact 
m-form on M . Consider to = luq + u>m as an m-form on R™ x M . Then for the 
group G = Diff (R™ x M, u>) and a point x £ R ra x M as a zero dimensional cycle 
a, the cocycle c a (u) is defined and nontrivial in the complex C*(R n x M, R)). 

Proof. Evidently the conditions of theorem 12.21 for the form ui are satisfied and 
then the cocycle c a (ui) of the complex C*(G, R) is defined. Consider the group 
Diff (R™, wo) acting on the first factor of R" x M as a subgroup of G and the 
restriction of the cocycle c a {ui) to this subgroup. Since the subgroup Diff (R™, c^o) 
preserves the form u>m as a form on R™ x M by theorem 16.11 this restriction is a 
nontrivial cocycle. Thus c a (u) is a nontrivial cocycle of the complex C*(G, R) as 
well. □ 

We indicate the following partial case of corollary 16. 21 fsee also 
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Corollary 6.3. Let ujq be the standard symplectic 2-form on R 2 ™ and let m — 
1, . . . , n. Let M be a connected manifold such that 2m < dimM 7 

H\M,R) = ■■■ = H^-^ALR) = 0, 

and lom &n exact 2m- form on a manifold M . Consider the 2m- form u> — lu™ +lum 
on R 2n x M. Then for the group G = Diff (R 2 " x M, w) and a point x G R 2 " x M 
as a zero dimensional cycle a, the cocycle c a (u>) is defined and nontrivial in the 
complex C*(R 2n x M, R)). 

Let M be a connected compact oriented manifold with a volume form vm such 
that J M v M = 1. 

Theorem 6.4. Let (wi)ie/ be a family of nonzero differential forms on R™ with 
constant coefficients such that degw, = d{. Consider the family {uji A v\i}iei °f 
forms on M™ x M . For a cycle a — x M of the homology class a on R" x M and 
each i £ / the cocycle c a (u>i A vm) on the group G — Diff (R" x M, (a;, A%)) with 
values in the trivial G-module R is defined and nontrivial. 

Proof. Evidently the conditions of theorem l2.2l for each form loi A vm and p = n — 1 
are satisfied. Then the cocycle c a (^i A Vm) of the complex C*(G,R) is defined. 

Consider the group Diff (R n , (u>i)) as a subgroup of the group G and the re- 
striction of the cocycle c a (w) to this subgroup. Since the subgroup Diff(R", (u>i)) 
preserves the form v as a form on R" x M, as in the proof of corollary 16.21 we can 
show that the above restriction is a nontrivial cocycle. Thus the cocycle c Q (w) is 
nontrivial as well. □ 

We indicate the following partial case of theorem 16.41 

Corollary 6.5. Let vq be the standard volume form on R™. Then for the cycle 
a = X M the cocycle c a (vo A vm) on the group G = Diff(R" x M,Vq A %) is 
defined and nontrivial in the complex C*(G,vq A um),1). 

We consider the space C 2n and a skew-symmetric bilinear form u> of rank 2 
on it. Let u) be the differential 2-form corresponding to uj on C 2 ™ as a complex 
manifold. By definition the form u) has constant coefficients. Then Q = lo\ + iui2, 
where i = £o\ and u>2 are real differential 2-forms with constant coefficients 

on C 2n = R 4 ™ as a real 4n-dimensional manifold. 

Similarly, consider the space C™, a sqew-symmetric n-form v of maximal rank 
on it, and the corresponding differential n-form v on C™. Consider the real differ- 
entiable n-forms i>i and i>2 on C™ = R 2n as a real 2n-dimensional manifold defined 
by an equality v = v± + ii)2- 

In both cases above we can apply theorem 16. f I to the forms uj\, u>2, £>i and 
v%. We leave to the reader to define the corresponding cocycles on the group of 
diffcomorphisms preserving the forms a) and i) and to formulate the statement 
similar to those of corollaries 16.21 and 16 . 41 
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